For vertices x and y in a connected graph G = (V, E) of order at least two, the detour distance
Introduction
By a graph G = (V, E) we mean a finite undirected connected graph without loops or multiple edges. The order and size of G are denoted by p and q respectively. For basic graph theoretic terminology we refer to Harary [6] . 
I[x, y]. A set S of vertices is a eodetic set if I[S]
= V, and the minimum cardinality of a geodetic set is the eodetic number (G). A geodetic set of cardinality (G) is called a -set. The geodetic number of a graph was introduced in [1, 7] and further studied in [3] .
The concept of vertex geodomination number was introduced in [8] and further studied in [9] . For any vertex x in a connected graph G, a set S of vertices of G is an x-eodominatin set of G if each vertex v of G lies on an x − y geodesic in G for some element y in S. The minimum cardinality of an x-geodominating set of G is defined as the x-eodomination number of G and is denoted by x (G). An x-geodominating set of cardinality x (G) is called a x -set. The connected vertex geodomination number was introduced and studied in [11] . A connected x-eodominatin set of G is an x-geodominating set S such that the subgraph G [S] induced by S is connected. The minimum cardinality of a connected x-geodominating set of G is the connected x-eodomination number of G and is denoted by c x (G). A connected x-geodominating set of cardinality c x (G) is called a c x -set of G.
Some authors study the analogous concepts based on longest paths (rather than shortest paths) between pairs of vertices. For vertices x and y in a connected graph G, the detour distance D(x, y) is the length of the longest x − y path in G. For any vertex u of G, the detour eccentricity of u is e D (u) = max {D(u, The detour number of a graph was introduced in [4] and further studied in [5] .
The concept of vertex detour number was introduced in [10] . For any vertex x in a connected graph G, a set S of vertices of G is an x-detour set if each vertex v of G lies on an x − y detour in G for some element y in S. The minimum cardinality of an x-detour set of G is defined as the x-detour number of G and is denoted
An elaborate study of results regarding the vertex detour number with several interesting applications is given in [10] . The concept of upper vertex detour number was introduced in [13] . An x-detour set S x is called a minimal x-detour set if no proper subset of S x is an x-detour set. The upper x-detour number, denoted by d + x (G), is defined as the maximum cardinality of a minimal x-detour set of G.
The connected x-detour number was introduced and studied in [12, 14] . A connected x-detour set of G is an x-detour set S such that the subgraph G[S] induced by S is connected. The minimum cardinality of a connected x-detour set of G is the connected x-detour number of G and is denoted by cd x (G). A connected x-detour set of cardinality cd x (G) is called a cd x -set of G. For the graph G given in Figure 1 .1, the minimum vertex detour sets, the vertex detour numbers, the minimum connected vertex detour sets and the connected vertex detour numbers are given in Table 1 The following theorems will be used in the sequel. Throughout the paper, G denotes a connected graph with at least two vertices.
Minimal Connected Vertex Detour Sets
Definition 2.1. Let x be any vertex of a connected graph G. A connected x-detour set S x is called a minimal connected x-detour set if no proper subset of S x is a connected x-detour set. The upper connected x-detour number, denoted by cd + x (G), is defined as the maximum cardinality of a minimal connected x-detour set of G. Figure 2 .1, the minimum vertex detour sets, the vertex detour numbers, the minimum connected vertex detour sets, the connected vertex detour numbers, the minimal connected vertex detour sets and the upper connected vertex detour numbers are given in In the next two theorems we prove certain properties satisfied by every x-detour set of G. Proof. Let x be any vertex of G and let y x be an end-vertex of G. Then y is the terminal vertex of an x − y detour and y is not an internal vertex of any detour so that y belongs to every x-detour set of G. Proof. Suppose that there is a component
Since S x is an x-detour set, there exists an element y ∈ S x such that u lies in some
Since v is a cut-vertex of G, the x − u subpath of P and the u − y subpath of P both contain v, it follows that P is not a path, contrary to assumption. 
Corollary 2.6. Let G be a connected graph with cut-vertices and let S x be an x-detour set of G. Then every branch of G contains an element of S x
∪ {x}. 
Theorem 2.7. For any vertex x in a connected
. Also, the inequalities in the theorem can be strict. For the graph G given in Figure 2 .1,
Theorem 2.9. Let x be any vertex of a connected graph G. If cd
Proof. Suppose x is not a cut-vertex of G. Then it follows from the fact that x lies on every x − y detour and so V − {x} is a connected x-detour set of G. Thus cd
Remark 2.10. The converse of Theorem 2.9 is not true. For the graph G given in Figure 2 Proof. This follows from Theorems 1.1 and 2.9. 
Theorem 2.12. (i) If T is a tree, then cd
+ x (T) = p
for any cut-vertex x of T. (ii) If T is a tree which is not a path, then for an end vertex x, cd
(iii) Let T be a path with end vertices x and y. Then for the vertex x, every vertex of T lies on an x − y detour and so {y} is the unique minimal connected x-detour set of T so that cd
Corollary 2.13. For any tree T, cd
if and only if x is a cut vertex of T.
The following theorem is an easy consequence of the definition of the upper connected vertex detour number of a graph. Since any connected x-detour set is also an x-detour set it follows that d x (G) ≤ cd x (G) and so by Theorem 2.7, we have d x (G) ≤ cd x (G) ≤ cd + x (G). Now we have the following realization theorem. 
Theorem 2.17. For any three integers a, b and c with 2 ≤ a < b ≤ c, there is a connected graph G with d x (G) = a, cd x (G) = b and cd
Now, we show that cd x (G) = b. Let S ′ x be any connected x-detour set of G. Since any connected x-detour set of G is also an x-detour set of G, it follows that S
We claim that N is a minimal connected x-detour set of G. Assume, suppose such is not, so that N is not a minimal connected x-detour set of G. Then there exists a proper subset T of N such that T is a connected x-detour set of G. Let s ∈ N and s T. Since every connected x-detour set of
follows that s ∈ Y. Without loss of generality, we may assume that s = y 1 . Now, y 1 does not lie on any x − y j detour for j = 2, 3, . . . , c − b + 1. Also, y 1 does not lie on any x − z detour with z ∈ M ∪ W ∪ {u 1 }. Hence it follows that T is not an x-detour set of G, which is a contradiction. Thus N is a minimal connected x-detour set of G and so cd
proper subset of N ′ , it follows that N ′ is not a minimal connected x-detour set of G, which is a contradiction. Case 2. v = y. Since | N ′ |> c and v {z 1 , z 2 }, N is a proper subset of N ′ , it follows that N ′ is not a minimal connected x-detour set of G, which is a contradiction.
Thus there is no minimal connected x-detour set N ′ of G with | N ′ |> c. Hence cd
Remark 2.18. The graph G of Figure 2 .3 contains exactly three minimal connected x-detour sets, namely
This example shows that there is no "Intermediate
Value Theorem" for minimal connected x-detour sets, that is, if n is an integer such that cd x (G) < n < cd + x (G), then there does not necessarily exist a minimal connected x-detour set of cardinality n in G. F 1 and F 2 by identifying x of K 1,b−3 , u 1 of U 1 and u 3 of U 2 . The graph G is shown in Figure  2 Next, we show that cd
We claim that M is a minimal connected x-detour set of G. Assume, to the contrary, that M is not a minimal connected x-detour set. Then there is a proper subset T of M such that T is a connected x-detour set of G. Let s ∈ M and s T. Since every connected x-detour set of
For convenience, let s = y 1 . Since y 1 does not lie on any x − y j detour, where j = 2, 3, . . . , l and y 1 does not lie on any x − x j detour, where j = 1, 2, . . . , m, it follows that T is not an x-detour set of G, which is a contradiction. Thus M is a minimal connected x-detour set of G and so cd 
It is clear that S is a connected x-detour set of G. We claim that S is a minimal connected x-detour set of G. Assume, to the contrary, that S is not a minimal connected x-detour set. Then there is a proper subset T of S such that T is a connected x-detour set of G. Let s ∈ S and s T. Since x is a cut vertex of G and T is a connected x-detour set of G, it is clear that s = y i for some i = 1, 2, . . . , l. Without loss of generality, we may assume that s = y 1 . Since y 1 does not lie on any x − z detour with z ∈ T, it follows that T is not an x-detour set of G, which is a contradiction. Thus S is a minimal connected x-detour set of G with cardinality | S |= n. Hence the theorem.
Chartrand, Escuadro and Zhang [2] showed that every two positive integers a and b with a ≤ b ≤ 2a are realizable as the detour radius and detour diameter, respectively, of some connected graph. This theorem can also be extended so that the upper connected vertex detour number can be prescribed when a < b ≤ 2a. 
